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Abstract
This is an updated survey on Menger manifold theory after the publication of “Menger manifolds”
by Chigogidze et al. in Continua with Houston Problem Book (Marcel Dekker, 1995). Ó 2000
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The purpose of this article is to discuss some results on Menger manifold theory obtained
after the publication of [13] as well as to update the reference data. Our viewpoint of the
theory is the same as before and the reader is assumed to be familiar with [13] in order to
minimize the overlap with that paper. The paper is organized as follows.
(1) Preliminaries and fundamental theorems.
(2) Group actions and the structure of the homeomorphism groups.
(3) Topological dynamics.
(4) The Nöbeling manifold theory.
(5) Miscellaneous results.
1. Preliminaries and fundamental theorem
We start with a construction of the universal Menger compacta. For a collection A of
subsets of a space X and a subset E of X, let st(E,A) =⋃{A ∈ A | E ∩ A 6= ∅}. For a
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cell complexK, |K| denotes the geometric realization ofK. The i-skeleton ofK is denoted
by K(i). Consider the (2n+ 1)-dimensional cell I 2n+1 = [0,1]2n+1 with the cell complex
structure L whose only (2n + 1)-cell is I 2n+1. Let sdL be the subdivision of L, each
(2n+ 1)-cell of which is of the form
2n+1∏
i=1
[
ai/3, (ai + 1)/3
]
,
where ai = 0, 1, or 2. Let L̂= st(|L(n)|, sdL) andM1 = |L̂|. The restriction of sdL defines
a cell complex structure L1 on M1.
Next we subdivide each (2n+ 1)-cell of L1 into 32n+1 congruent cubes as above and
denote the resulting cell complex structure by sdL1. Let M2 = st(|L(n)1 |, sdL1) with the
cell complex structure L2 induced by sdL1.
Continuing this process, we have a decreasing sequence
I 2n+1 =M0 ⊃M1 ⊃ · · · ,
of compact PL manifolds Mi with cell complex structures Li and the intersection
µn =
∞⋂
i=0
Mi
is called the n-dimensional universal Menger compactum.
A locally compact separable metrizable space X is called an n-dimensional Menger
manifold (also called a µn-manifold in the sequel) if each point of X has a neighborhood
which is homeomorphic to µn.
The q-dimensional disk is denoted by Dq and Sq−1 = ∂Dq . A space X is said to be
locally k-connected (LCk , for short) if, for each open cover U of X, there exists an open
refinement V of U such that, for each i 6 k,
each map α :Si → X with α(Si )⊂ V for some V ∈ V has an extension α¯ :Di+1→ X
such that α¯(Di+1)⊂U for some U ∈ U .
A locally compact separable metrizable space X is said to have the disjoint n-cells
property (DDnP , for short) if, for each pair of maps α,β :Dn→ X and for each ε > 0,
there exist maps α′, β ′ :Dn → X which are ε-close to α and β , respectively such that
α′(Dn)∩ β ′(Dn)= ∅.
Almost all results on Menger manifold theory are based on the following outstanding
theorem due to Bestvina.
Theorem 1.1 [6]. A locally compact separable metrizable space X is a µn-manifold if
and only if
(1) dimX = n,
(2) X is locally (n− 1)-connected,
(3) X has the DDnP .
Also, µn is the unique compact (n− 1)-connected µn-manifold.
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There exists a deep connection between µn-manifold theory and the Hilbert cube
manifold theory. This analogy has been extensively pursued by Bestvina, Chigogidze,
Dranishnikov et al., and the Menger manifold theory can be regarded as a finite-dimen-
sional analogue of the Hilbert cube manifold theory. This aspect of the theory has been
thoroughly discussed in [13, Section 2]. Here we just recall the notion of k-homotopy for
late use.
Definition 1.2. Let f,g :X→ Y be maps between separable metrizable spaces. We say
that f is k-homotopic to g if, for each separable metrizable space K with dimK 6 k and
for each map α :K→X, the compositions f ◦ α and g ◦ α are homotopic. The notion of
k-homotopy equivalence is then naturally defined.
It was proved by Bestvina [6] (and reformulated by Chigogidze [9]) that compact µn-
manifolds are topologically classified by their (n− 1)-homotopy type.
For some results obtained after the publication of [13], see [2–4], etc.
2. Group actions and the structure of homeomorphism groups
2.1. Connections with the Hilbert–Smith conjecture
A formulation of the Hilbert–Smith conjecture, which is still open, asserts that there
exists no effective action of the p-adic integers on a topological manifold. On the other
hand, each compact zero-dimensional topological group acts freely on each µn-manifold
(n> 1). It has been recognized that this fact has a close connection with the Hilbert–Smith
conjecture. This was discussed in [13, Section 3.3]. Here we would just like to point out
results due to Malješicˇ, Repovš, Skopenkov and Šcˇepin [32,37,36], related to the Hilbert–
Smith conjecture.
2.2. The structure of homeomorphism groups
For a compact metrizable space X,H(X) denotes the space of all autohomeomorphisms
of X with the compact-open topology. It is a separable, completely metrizable topological
group. It is known [7,34] that H(M) is totally disconnected and the topological dimension
of H(M) is exactly 1 for each compact µn-manifold (for each n > 1). It is not known
whether H(M) is homeomorphic (ignoring the group structure) to H(µn). For these
results and related problems, see [13, Section 3.1]. On the other hand, for each pair of
µn-manifolds M and N such that H(M) and H(N) are isomorphic as groups, we have
that M and N are homeomorphic [21].
Several properties of H(µn) are known from the group-theoretic view point. Here we
mention a result due to Sergiescu and Tsuboi.
Theorem 2.1 [40]. The homology group Hi(H(µn))= 0 for each i > 1.
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Where, for each group G, Hi(G) is identified with the singular homology group of the
Eilenberg–MacLane complex of type (G,1). Also it is easy to prove that H(µ1) contains
all finitely generated groups as subgroups [24].
Although each compact zero-dimensional group acts freely on each Menger manifold,
some natural actions of such groups have fixed point sets. For example, the symmetry of
the construction described in Section 1 can be used to construct an action of Z/2Z on µn
with nonempty fixed point set (e.g., just take the restriction of the Euclidean reflection).
So it is natural to ask whether there exists some restriction on the topology of the fixed
point set of a given action. The following theorem states that there is no such restriction
in general. An action of a topological group G on a space X is said to be semi-free if the
isotropy group
Gx = {g ∈G | gx = x}
is either e or G for each x ∈X.
Theorem 2.2 [18]. For each closed set E of each µn-manifold M and for each compact
zero-dimensional group G, there exists a semi-free action of G on M which has E as the
fixed point set.
3. Topological dynamics
Here we discuss some results on topological dynamics on µn-manifolds. The following
result indicates certain kind of “universality” of homeomorphisms on Menger manifolds
from this point of view.
A closed set A of a compact metrizable space X is called an attractor of a map f :X→
X if there exists a neighborhoodU of A such that f (clU)⊂U and ⋂∞i=1 f i(U)=A. For
a map g :P → P of a compact metrizable space P , (P,f ) denotes the inverse limit of the
sequence:
P
g←− P g←− P ←−· · · .
The map g naturally induces a map g˜ : (P,g)→ (P,g), called the shift map.
Theorem 3.1 [19]. Let P be a compact connected polyhedron with dimP 6 n and let
M be the compact µn-manifold which is (n − 1)-homotopy equivalent to P . For each
f :P → P which is (n− 1)-homotopic to idP , there exists an embedding e : (P,f )→M
and a homeomorphism F :M→M such that F ◦ e= e◦ f˜ and (P,f ) is an attractor of F .
An outer measure ν∗ on a compact metric space X with a compatible metric d is called
a non-atomic, locally positive Lebesgue–Stieltjes outer measure if
(1) ν∗(X) <∞.
(2) ν∗(A∪B)= ν∗(A)+ ν∗(B) if d(A,B) > 0.
(3) ν∗(A)= inf{ν∗(G) |G is an open set containing A}.
(4) ν∗({a point})= 0.
(5) ν∗(G) > 0 for each nonempty open set G.
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The measure induced by the above is called a non-atomic, locally positive, Lebesgue–
Stieltjes (LS, for short) measure.
A map f :X→X is said to preserve a measure ν on X if ν(f−1(E))= ν(E) for each
ν-measurable set E. A ν-preserving map f :X→ X is said to be ν-ergodic if for each
measurable set E of X such that f−1(E)=E, we have that ν(E)= 0 or ν(X). It is easy to
see that, if ν is a nonatomic, locally positive, LS measure on a compact metrizable spaceX,
then each ν-ergodic homeomorphism on X is topologically transitive, that is, has a dense
orbit. Let H(X,ν) be the subspace of all ν-preserving homeomorphisms of X and further
let
E(X,ν)= {f ∈H(X,ν) | f is ν-ergodic}.
The following theorem is a Menger manifold analogue of Theorem 1 of [35].
Theorem 3.2 [20]. Let M be a compact µn-manifold and let ν be a nonatomic locally
positive LS measure on M . Then the set E(M,ν) is a dense Gδ subset of H(M,ν).
The following corollary answers a question posed by several people [1,19].
Corollary 3.3. There exists a transitive homeomorphism on each compact µn-manifold.
4. The Nöbeling manifold theory
After Bestvina established a close connection between µn-manifold theory and the
Hilbert cube manifold theory, it was natural to seek a finite-dimensional analogue of
R∞-manifold theory. It is conjectured that the Nöbeling spaces are the finite-dimensional
analogues of the Hilbert space R∞. The n-dimensional Nöbeling space is defined to be:
Nn =
{
(xi) ∈R2n+1 | at most (n+ 1)-coordinates of (xi) are rational
}
.
The space Nn is a Polish (that is, separable completely metrizable) n-dimensional,
(n− 1)-connected LCn−1-space with the following property:
for each Polish space K with dimK 6 n, for each map f :K→ Nn and for each open
cover U of Nn, there exists a closed embedding g :K→Nn which is U -close to f .
The main conjecture (cf. [13, Problem 5.2.7]) asserts that each Polish n-dimensional
(n−1)-connected LCn−1-space with the above property is homeomorphic toNn. Recently
the above conjecture was verified for n= 1 [25].
So far, most results towards the solution of the above conjecture depend on appropriate
embeddings of the “Nöbeling like spaces” into µn-manifolds. The key concept in these
results is the absorber and the skeletoid of µn-manifolds, Euclidean spaces and the Hilbert
cube. These are briefly discussed in [13, Section 5.1] (see also the references cited there).
By making use of these concepts, Chigogidze verified the above conjecture for open
subsets of Nn.
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Theorem 4.1 [11, Chapter 5].
(1) For each µn-manifold M , there exists the unique, up to the ambient homeomor-
phisms, Nöbeling space manifold ν(M).
(2) A Polish space X is homeomorphic to ν(M) for some µn-manifold M if and only if
X admits an open embedding into Nn.
(3) Two open sets X and Y of Nn are homeomorphic if and only if X and Y are (n−1)-
homotopy equivalent. In particular, each (n − 1)-connected open subset of Nn is
homeomorphic to Nn.
5. Miscellaneous results
5.1. The Menger compactum as the boundary of a nonpositively curved space
Recently another interesting connection of the Menger manifold theory with the theory
of “nonpositively curved spaces and groups” was discovered. We will not give the precise
definition of nonpositively curved geodesic spaces here, but each simply connected such
space (X,d) has the following properties;
(1) each d-bounded subset of X has compact closure,
(2) for each pair x, y of points of X, there exists a unique isometry (called the geodesic
from x to y) f : [0, d(x, y)]→X such that f (0)= x and f (d(x, y))= y .
An isometric embedding of the half-line [0,∞) into X is called a geodesic ray. Fix a
point p of X. The boundary ∂X of X is defined to be the set of all geodesic rays from
p with the compact-open topology. It turns out that the topology does not depend on the
choice of p.
Benakli [5] and Dranishnikov [15] proved that, for each n > 1, there exists a simply
connected nonpositively curved polyhedron Kn, on which a Coxeter group acts as
isometries, such that the boundary ∂Kn is homeomorphic to µn.
5.2. Non-existence of nonsingular path fields
It is a classical result that a compact orientable smooth manifold M admits an
everywhere nonzero vector field if and only if the Euler characteristic χ(M)= 0. Brown [8]
generalized the above to topological manifolds by replacing vector fields with path fields.
For a space X, let
TX =
{
f : [0,1]→X | f−1f (0)= {0}}∪ {constant paths}
with the compact-open topology. Define q :TX→ X by q(f )= f (0). A continuous map
s :X→ TX with the property q ◦ s = idX is called a path field on X. It is said to be
nonsingular if s(x) is not a constant path for each x ∈X.
Brown proved that a compact orientable topological manifold M admits a nonsingular
path field if and only if χ(M) = 0. On the other hand, no compact µn-manifold admits
nondegenerate path fields [23].
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5.3. Lusternik–Schnirelmann type invariant
As an n-homotopy theoretic analogue of the Lusternik–Schnirelmann category, Fox [16]
introduced the notion of n-dimensional category of a space X defined as follows.
catn−1(X)=min
{
k | there exists an open cover {Ui | i = 1, . . . , k}
such that each inclusion Ui→X
is (n− 1)-homotopic to a constant map}.
It follows easily from the definition that catn−1 is an (n − 1)-homotopy invariant. For
a µn-manifold M , another variant is defined as an analogue of a notion of Montejano for
Hilbert cube manifold [33]. Let λn = µn \ {a point}. For a µn-manifoldM , let
gcatλn(M)=min
{
k | there exists an open cover {Ui | i = 1, . . . , k}
such that each Ui is homeomorphic to λn
}
.
The following is a µn-manifold analogue of results due to Montejano and Wong [33,42].
Theorem 5.1 [22]. For each compact µn-manifoldM , we have that
catn−1(M)= gcatλn(M)− 1= gcatλn
(
Kern−1(M)
)
.
Kern−1(M) is the (n − 1)-homotopy kernel of a µn-manifold M introduced by
Chigogidze [10] which is an analogue of N × [0,1) for a Hilbert cube manifold N .
5.4. Construction of homogeneous continua
A compact connected metrizable space X is said to be homogeneous if for each pair
x, y of points of X, there exists a homeomorphism f :X→ X such that f (x) = y . If
the above homeomorphism can be chosen so that f (y) = x as well, then we say that X
is bihomogeneous. Several constructions of homogeneous, non-bihomogeneous continua
are known, many of which depend on the property of µn. After the publication of [13],
Kuperberg constructed a 4-dimensional locally connected example [28], improving her
previous example [27]. See also [29].
Note added in proof
Recently Ageev and Repovš [43] have given an alternative proof of Theorem 2.2.
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